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BIG RATIONAL SURFACES
DAMIANO TESTA, ANTHONY VA´RILLY-ALVARADO, MAURICIO VELASCO
Abstract. We prove that the Cox ring of a smooth rational surface with big anticanonical
class is finitely generated. We classify surfaces of this type that are blow-ups of P2 at distinct
points lying on a (possibly reducible) cubic.
1. Introduction
1.1. Mori dream spaces. Let X be a smooth projective variety over an algebraically closed
field. Assume that the Picard group Pic(X) is freely generated by the classes of divisors
D1, D2, . . . , Dr. The Cox ring, or total coordinate ring, of X with respect to this choice is
given by
Cox(X) :=
⊕
(m1,...,mr)∈Zr
H0
(
X,OX(m1D1 + · · ·+mrDr)
)
,
with multiplication induced by product of functions in the function field of X.
The Cox rings of certain classes of varieties are particularly simple. In the case of toric
varieties, for instance, the Cox ring is the ring of polynomial functions on an affine space Ad
with coordinates indexed by the torus-invariant divisors [Cox95, Theorem 2.1]. Moreover,
the variety X can be recovered as a quotient of an open subset of Ad = Spec(Cox(X)) by the
action of a torus. More generally, any smooth projective variety X with a finitely generated
Cox ring can be described in this way: there is an open subset T of Spec(Cox(X)) with a
canonical torus action and the quotient of T by this action is isomorphic to X. The space
T is an example of a universal torsor (see [CTS87] for a foundational treatment of universal
torsors).
Varieties X with finitely generated Cox ring are also distinguished amongst all varieties:
the minimal model program on X can be carried out for any divisor. This privileged position
has earned such varieties the name of Mori dream spaces [HK00, Definition 1.10]. Determining
which varieties are Mori dream spaces remains a difficult problem, even in the case of surfaces.
In this paper we are primarily interested in the case in which X is a smooth rational surface
with big anticanonical divisor. We prove the following result.
Theorem 2.9. Let X be a smooth rational surface such that −KX is big. Then the Cox
ring of X is finitely generated.
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This result extends a theorem of Hassett [Has, Theorem 5.7], which states that a smooth
rational surface with big and nef anticanonical divisor is a Mori dream space. As we were
completing this paper, we learned that Chen and Schnell obtained an independent proof of
Theorem 2.9 [CS08].
Example 1.1. We deduce from Theorem 2.9 that the surfaces in the following list are Mori
dream spaces (see Remark 2.10).
(a) Rational surfaces with K2X > 0, or equivalently, rational surfaces with rk(Pic(X)) ≤
9, are Mori dream spaces.
(b) Blow-ups of the Hirzebruch surface Fn, n ≥ 1 at any number of points lying in the
union of the negative curve and n+ 1 distinct fibers of the projection.
(c) Blow-ups of P2 at n+ 1 points, n of which lie on a (possibly reducible) conic.
(d) The surface obtained by blowing up P2 at the ten points of pairwise intersections of
five general lines (Figure 1). Generators for the Cox ring of this surface are determined
in [Cas08]. Harbourne and Roe´ have also shown that the surface in question is a Mori
dream space ([Har09]).
(e) The surface obtained by considering three distinct lines L1, L2, L3 in P2 and blowing
up the three pairwise intersections and 2, 3 and 5 additional points on L1, L2 and L3
respectively.
To further illustrate the applicability of Theorem 2.9, we classify blow-ups of P2 at finite
sets of points for which −KX is both big and effective (Theorem 4.3). The classification is
achieved by associating a root system to each big rational surface, extending a well-known
construction for del Pezzo surfaces (Section 4).
Figure 1. Examples 1.1 (d) and (e).
There are smooth projective rational surfaces with finitely generated Cox ring, whose
anticanonical divisor is not big. For example, by [Tot08, Theorem 5.2] the surface X obtained
by blowing up the nine inflection points of a smooth plane cubic has finitely generated Cox
ring. However, the anticanonical divisor −KX is not big since |−KX | contains an irreducible
curve and K2X = 0.
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1.2. Previous work. Smooth rational surfaces with big anticanonical class have been stud-
ied before. Sakai showed that their anticanonical models have only isolated rational singu-
larities and he provided numerous examples of them ([Sak84]).
Harbourne studied the effective and nef cones for rational surfaces with K2X > 0 in [Har96],
while [HGM08] proves that the subsemigroup of effective curves is finitely generated for the
same class of surfaces.
The surfaces appearing in Theorem 4.3 (ii), (iii) below have been studied by Failla, Lahyane
and Molica Bisci in [FLMB06,FLMB07]; in particular, they investigated the finite generation
of the monoid of effective divisor classes modulo algebraic equivalence on these surfaces.
1.3. Relation to log del Pezzo surfaces. A log del Pezzo surface (i.e., a Kawamata log
terminal pair (X,∆) such that X is a normal surface and −(KX + ∆) is Q-Cartier and
ample) is a Mori dream space [BCHM08, Corollary 1.3.1]. Clearly, log del Pezzo surfaces
have big anticanonical class. It is natural to wonder if the converse is true. It is not. In §3
we give a family of examples, suggested to us by Chenyang Xu, which shows that the class
of smooth rational surfaces with big anticanonical class is strictly larger than the class of log
del Pezzo surfaces.
Acknowledgements. We thank Ana-Maria Castravet, Johan de Jong, David Eisenbud,
Brian Harbourne, Brendan Hassett, Sea´n Keel, Bjorn Poonen, Burt Totaro and Chenyang
Xu for helpful conversations during the completion of this work.
2. Big rational surfaces are Mori dream spaces
From now on, unless otherwise specified, X denotes a smooth projective rational surface
over an algebraically closed field with big anticanonical divisor −KX . We note that Pic(X)
is a free abelian group and that rk(Pic(X)) + K2X = 10. Let N1(X) be the R-vector space
of numerical equivalence classes of curves on X; let NE(X) be the cone in N1(X) of non-
negative real combinations of classes of curves on X and let NE(X) be its closure. We
denote by NE(X)Z the cone of non-negative integral linear combinations of classes of curves
on X.
Theorem 2.1. Let X be a smooth projective rational surface such that −KX is big. The
cone of effective divisors on X is finitely generated. In particular, there are only finitely
many integral curves with negative square contained on X.
Proof. If the dimension of N1(X) is at most two, then X is either isomorphic to P2 or to
a Hirzebruch surface and the result is clear. If the dimension of N1(X) is at least three,
then the result follows from [Nak07, Proposition 3.3]. The last statement also follows from
[Sak84, Proposition 4.4]. 
Lemma 2.2. Let X be a smooth projective surface, let N be a big and nef divisor, and let
C ⊂ X be an effective divisor such that C · N = 0. If C1, . . . , Cr are distinct irreducible
components of C, then the matrix (Ci · Cj)i,j is negative definite, and r ≤ dim(N1(X))− 1.
Proof. Since N is nef we have N · Ci = 0 for all i. Since N is big and nef we have N2 > 0
and the Hodge Index Theorem implies that the matrix (Ci · Cj)1≤i,j≤r is negative definite
and has therefore rank r. Thus the vectors [C1], . . . , [Cr] ∈ N1(X) are independent and the
result follows since they are all contained in the hyperplane orthogonal to N . 
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Lemma 2.3. Let N be a nef divisor on X not linearly equivalent to zero.
(1) We have −KX ·N > 0 and the linear system |N | has dimension at least one.
(2) If C ⊂ X is an effective divisor such that C ·N = 0, then the arithmetic genus of C
is non-positive; in particular every reduced connected component of C has arithmetic
genus zero and every integral component of C is a smooth rational curve.
Proof. (1) Write −KX = A + E, where A is an ample Q-divisor and E is an effective Q-
divisor. Since N is nef, it is a limit of ample divisors and in particular it is in the closure
of the effective cone. Because N is not linearly equivalent to zero, Kleiman’s ampleness
criterion [Kle66, Proposition IV.2.2] implies that A ·N > 0, and hence
−KX ·N = A ·N + E ·N ≥ A ·N > 0
since N is nef and E is effective. We conclude by applying the Riemann-Roch formula to
the divisor N , together with Serre duality and the fact that KX −N is the opposite of a big
divisor and is therefore not effective.
(2) Since X is rational we have H1(X,OX) = (0). From the exact sequence
0 −→ OX(−C) −→ OX −→ OC −→ 0
we deduce that H1(C,OC) is contained in H2(X,OX(−C)) and, by Serre duality, we have
dim H2(X,OX(−C)) = dim H0(X,OX(KX + C)). By (1) we have −KX · N > 0 and by
assumption C · N = 0; thus (KX + C) · N < 0 which implies that KX + C is not effective,
since N is nef. It follows that the arithmetic genus of C is non-positive. 
Remark 2.4. Under the additional assumption that −KX is effective, it is possible to show
that h0
(
X,OX(N)
)
= (N2 −KX ·N)/2 + 1 (see [Har97, Theorem III.1 and Lemma II.2])
Lemma 2.5. If N is a nef non big divisor on X, then |N | is base point free.
Proof. Since N is nef and not big it follows that N2 = 0. The result is clear if N = 0; thus
from now on we assume that N 6= 0. By Lemma 2.3 (1), N is linearly equivalent to an
effective divisor, and we therefore reduce to the case in which N is effective. If N = N1+N2,
where N1, N2 are nef divisors, then both N1 and N2 are not big, since otherwise N would be
big, and it suffices to show the result for N1 and N2 separately. Thus we reduce to the case
in which N is not the sum of two non-zero nef divisors, since the nef cone contains no lines.
WriteN = a1E1+. . .+arEr, where E1, . . . , Er are distinct prime divisors and a1, . . . , ar ≥ 1
are integers. The matrix M := (Ei ·Ej)1≤i,j≤r is symmetric and has non-negative off-diagonal
entries. Moreover, if I ⊂ {1, . . . , r} is a subset such that for all i ∈ I and all j ∈ {1, . . . , r}\I
we have Ei ·Ej = 0, then N1 :=
∑
i∈I aiEi and N2 :=
∑
j /∈I ajEj are nef divisors whose sum
equals N . By our reductions, it follows that one of N1, N2 equals zero and therefore that
either I = ∅, or I = {1, . . . , r}. Thus M is an irreducible matrix.
By the Perron-Frobenius Theorem, the largest eigenvalue λ of M has an eigenvector
(b1, . . . , br)
t with positive entries. If λ were positive, then the effective divisor b1E1+· · ·+brEr
would be nef and big, and thus N would itself be big, contradicting the assumptions. Since
M(a1, . . . , ar)
t = 0, the largest eigenvalue of M is zero, and by the Perron-Frobenius Theo-
rem it has multiplicity one. Therefore every effective divisor E supported on {E1, . . . , Er}
satisfies E2 ≤ 0, with equality if and only if E is proportional to N .
Write N = P + F , where F is the fixed divisor of |N | and P is a divisor such that |P |
has no base component; in particular we have P 2 ≥ 0. Note that P 6= 0; otherwise F would
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have at least two independent global sections, by Lemma 2.3 (1). By the above, it follows
that P is proportional to N and therefore F = 0 and N = P . We deduce that |N | has no
fixed component. Finally, |N | has no base points since the number of its base points is at
most N2 = 0. 
Lemma 2.6. If N is a big and nef divisor on X, then N is semiample.
Proof. Let C ⊂ X denote the union of the integral curves orthogonal to N . By Lem-
mas 2.2 and 2.3(2) the divisor C satisfies the hypotheses of Artin’s contractability crite-
rion [Art62, Theorem 2.3] and therefore there exists a normal projective surfaceX ′ and a bira-
tional morphismX → X ′ contracting only the connected components of C. By [Art62, Corol-
lary 2.6] it follows that N is linearly equivalent to a divisor whose support is disjoint from C,
and therefore N is the pull-back of a Cartier divisor N ′ on X ′. By the Nakai-Moishezon cri-
terion, the divisor N ′ is ample and hence it is semiample. Thus its pull-back N is semiample,
as we wanted to show. 
We prove a weaker version of [GM05, Theorem 1].
Lemma 2.7. The Cox ring of X is generated by global sections supported on the curves with
negative self-intersection and generators of the subring
⊕
Nnef H
0(X,OX(N)).
Proof. Let G ⊂ Cox(X) be a set containing a non-zero section sC of H0(X,OX(C)) for each
integral curve C with negative square and a generating set for
⊕
N nef H
0(X,OX(N)). Fix
an ample divisor A on X. We prove by induction on n that for all divisors D on X with
A · D = n the vector space H0(X,OX(D)) is generated by monomials in G. The result is
clear if n ≤ 0, since the only effective divisor D with A ·D ≤ 0 is the divisor D = 0, and the
vector space H0(X,OX) is spanned by the empty product of the monomials in G. Suppose
that n > 0 and that the result is true for all divisors D′ such that A ·D′ < n. Let D be a
divisor on X such that A ·D = n. If D is either nef or not effective, then there is nothing
to prove; so we reduce to the case in which D is effective and not nef. Therefore there is an
integral curve C such that D ·C < 0, and hence C2 < 0 and C is contained in the base locus
of |D|. Thus the section sC divides all the vectors in H0(X,OX(D)) and the result follows
by the inductive hypothesis applied to the divisor D − C. 
Lemma 2.8 ([HK00, Lemma 2.8]). Let X be a projective variety and let A1, . . . , Ar be
semiample Cartier divisors on X. Then the ring⊕
(n1,...,nr)∈Zr
H0
(
X,OX(n1A1 + · · ·nrAr)
)
is finitely generated. 
Theorem 2.9. Let X be a smooth rational surface such that −KX is big. Then the Cox
ring of X is finitely generated.
Proof. By Theorem 2.1 the nef cone of X is finitely generated. Lemmas 2.5, 2.6, and 2.8
together imply that the ring
⊕
N H
0(X,OX(N)), as N ranges through all nef divisors, is
finitely generated. By Theorem 2.1 there are only finitely many curves with negative self-
intersection on X. Thus the result follows from Lemma 2.7. 
Remark 2.10. We briefly explain why the surfaces of Example 1.1 have big anticanonical
class. This is clear for the surfaces of type (a). For a surface X as in (b), let σ and F
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denote the inverse images of the negative curve and of a fiber, respectively, and let σ˜ and
F1, . . . , Fn+1 denote the strict transforms of σ and the special fibers, respectively. We may
write
−nKX = (σ + nF ) +
(
(n− 1)σ + nσ˜ + n
∑
Fi
)
which shows that −nKX is the sum of a big and an effective divisor, whence −KX is big. For
a surface X as in (c), let p be the point of P2 not on the conic, let c be the strict transform
of the conic and let `1, . . . , `n be the strict transforms of the lines through p and each one of
the remaining blown-up points. We may write
−nKX = 2`+
(∑
`i + (n− 1)c
)
;
which shows that −nKX is the sum of a big and an effective divisor, whence −KX is big.
Similarly, for the surface (d), we note that −2KX can be written as ` + E where ` is the
inverse image of the class of a line in P2 (which is big) and E is effective. For the surface (e)
the divisor −KX is big by §4.
3. Big rational surfaces and log del Pezzo surfaces
The following family of examples shows that there exist smooth rational surfaces X with
big anticanonical divisor which are not log del Pezzo. We show the stronger statement that
there is no Q-divisor ∆ such that (X,∆) is a log canonical pair and −(KX + ∆) is ample.
Let n ≥ 2 be an integer and let h : Fn → P1 be the Hirzebruch surface with a curve σ¯ of
square −n. Let k be an integer such that 3 ≤ k ≤ n+1 and let a1, . . . , ak be positive integers
such that
∑
1
aj
< k − 2. Choose k distinct integral curves F¯1, . . . , F¯k ⊂ Fn contracted by h,
and for i ∈ {1, . . . , k} choose ai distinct points pi1, . . . , piai on F¯i \ σ¯. Let X be the blow-up
of Fn along {pij | 1 ≤ i ≤ k, 1 ≤ j ≤ ai}; let
• σ ⊂ X be the strict transform of the divisor σ¯;
• Fi ⊂ X be the strict transform of the divisor F¯i for i ∈ {1, . . . , k}.
We have −KX = 2σ + (n + 2 − k)F +
∑
Fi, where F ⊂ X is the inverse image in X of a
fiber of the morphism h. Define P and N as follows
−KX =
P︷ ︸︸ ︷
n+ 2− k
n−∑ 1
aj
σ + (n+ 2− k)F +
∑
i
n+ 2− k
ai(n−
∑
1
aj
)
Fi +
+
(
2− n+ 2− k
n−∑ 1
aj
)
σ +
∑
i
(
1− n+ 2− k
ai(n−
∑
1
aj
)
)
Fi︸ ︷︷ ︸
N
.
Our assumptions on n, k and
∑
1
aj
ensure that both P and N are effective. Since P · σ =
P · Fi = 0 and P 2 = (n+2−k)2n−P 1
aj
> 0, it follows that P is big and nef and thus −KX is big.
Additionally P · N = 0, so by Lemma 2.2 the intersection matrix of the support of N is
negative definite and therefore −KX = P +N is the Zariski decomposition of −KX .
By [Sak84, Theorem 4.3], the morphism f : X → Y induced by |P | is a log resolution of
Y := Proj⊕m≥0 (H0
(
X,O(−mKX)
)
and f ∗(−mKY ) = mP for some m 0. We claim that
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(Y, 0) is not a log canonical pair. Indeed, note that
KX − f ∗(KY ) = −N
and that N is supported on divisors contracted by f . Thus, the pair (Y, 0) is log canonical
if and only if 2− n+2−k
n−P 1
aj
≤ 1, or equivalently, if and only if ∑ 1
aj
≥ k − 2.
Next, we show that there is no Q-divisor ∆ such that (X,∆) is a log canonical pair and
−(KX + ∆) is ample. To see this, note that if −(KX + ∆) is ample then the divisor
A := −(KX + ∆)− f ∗(−KY − f∗(∆)),
which is supported on the exceptional locus of f , is f -ample. By [Zar62, Lemma 7.1], it
follows that all its coefficients are non-positive, and thus −A is effective. Let g : Z → X be
a log resolution of (X,∆), and let g−1(∆) be the strict transform of ∆. We have
KZ + g
−1(∆)− g∗(KX + ∆) =
(
KZ − g∗f ∗(KY )
)
+
(
g−1(∆)− g∗f ∗f∗(∆)
)− g∗(−A).
The coefficients of the divisors g−1(∆) − g∗f ∗f∗(∆) and −g∗(−A) are all negative. Since
(Y, 0) is not log canonical, there is a coefficient of KZ − g∗f ∗(KY ) which is strictly less than
−1, and thus (X,∆) is not a log canonical pair.
4. Blow-ups of the projective plane and root systems
In this section we classify blow-ups X of P2 at finite sets of points for which −KX is
both big and effective. We do so by associating a root system to each big rational surface,
extending a well-known construction for del Pezzo surfaces [Man74, Section IV.25].
Lemma 4.1. Let X be a smooth projective surface and let D be a set of integral curves on
X. There is a big divisor whose support is contained in D if and only if the lattice D⊥ is
negative definite.
Proof. (⇐) Suppose that D⊥ is negative definite. By the Hodge Index Theorem, there
is a divisor B =
∑
C∈D aCC such that B
2 > 0. By Riemann-Roch and Serre duality,
h0(mB) +h0(K−mB) grows (at least) quadratically in m and the same statement holds for
h0(−mB) + h0(K +mB). Since (K −mB) + (K +mB) = 2K it follows that h0(K −mB)
and h0(K + mB) cannot both grow quadratically. We deduce that either B or −B is a big
divisor and the result follows.
(⇒) Suppose that B = ∑C∈D aCC is a big divisor with aC ∈ Z for all C ∈ D. Adding
non-negative multiples of the curves in D to B we reduce to the case in which B is effective;
thus the base locus of B is supported on D. It suffices to show that there exists a big and
nef divisor N in the integral span of D, since then N2 > 0 and D⊥ ⊂ N⊥ is negative definite
by the Hodge Index Theorem. Choose m 0 so that the moving part of mB is big. Then,
subtracting from mB its base components we obtain the desired divisor N . 
Lemma 4.2. Let Λ be a negative definite lattice. The set
R :=
{
α ∈ Λ | α2 ∈ {−1,−2}}
is a root system in the span E of R.
Proof. We adapt the argument in [Man74, Section IV.25]. To check that R is a root system
in E it suffices to verify the axioms in [Hum78, Section III.9].
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(R1) The set R is finite, does not contain 0 and spans E. This follows from the definition
of E and the fact that the pairing is definite.
(R2) If α ∈ R, then the only multiples of α in R are ±α. If m ∈ R is such that α,mα ∈ R,
then m2α2 ∈ {−1,−2} ∩ {−m2,−2m2} and m is rational since α,mα ∈ Λ. We
deduce that m2 = 1.
(R3) If α ∈ R, then the reflection σα fixing the hyperplane orthogonal to α leaves R in-
variant. The reflection σα is given by
σα(x) = x− 2x · α
α · αα.
It follows from the definitions that σα(x)
2 = x2 for all x ∈ Λ.
(R4) For every α, β ∈ R we have α · β ∈ Z. This property holds for all vectors in Λ.
The lemma follows. 
Let X be a smooth projective surface and let α ∈ N1(X)Z. It follows from the adjunction
formula that α2 ≡ KX · α (mod 2). In particular, the quadratic form associated to any
sublattice of N1(X)Z orthogonal to KX is even.
Theorem 4.3. Let pi : X → P2 be the blow-up of P2 at r distinct points. Then −KX is
effective and big if and only if one of the following holds:
(1) r ≤ 8;
(2) a general element of |−KX | consists of the strict transform of a line and a conic
where exactly a of the blown-up points lie exclusively on the line, exactly b of the
blown-up points lie exclusively on the conic, and either ab = 0 or 1
a
+ 4
b
> 1;
(3) a general element of |−KX | consists of the strict transform of three lines L1, L2 and
L3 where for i ∈ {1, 2, 3} exactly ai blown-up points lie exclusively on the line Li, and
either a1a2a3 = 0 or
1
a1
+ 1
a2
+ 1
a3
> 1.
Proof. If |−KX | contains an irreducible divisor D, then D2 = 9 − r and, by Lemma 4.1, D
is big if and only if r ≤ 8. Thus we reduce to the case in which every element of |−KX | is
reducible and the set of blown-up points P is contained in the union of a line and a (possibly
reducible) conic.
Suppose that P is contained in the union of a line L ⊂ P2 and an integral conic C ⊂ P2.
Let a be the number of points of P contained in L \ C and let b be the number of points
of P contained in C \ L. If ab = 0, then the result follows from Example 1.1 (c); thus we
reduce to the case a, b ≥ 1. Let ` ∈ Pic(X) be the class of the inverse image of a line, let
e1, . . . , ea ∈ Pic(X) be the classes of the exceptional curves lying above the points of P in L\C
and let f1, . . . , fb ∈ Pic(X) be the classes of the exceptional curves lying above the points of
P in C \L. The divisor classes e1−e2, e2−e3, . . . , ea−1−ea, f1−f2, f2−f3, . . . , fb−1−fb, are
orthogonal to the components of a general element of |−KX | and are positive roots of a root
lattice of type Aa−1(−1)⊕Ab−1(−1). Therefore the intersection form restricted to the span of
the above roots is negative definite. On the other hand, the vector v := ab`−b∑ ei−2a∑ fj
is orthogonal to the components of −KX and to the root lattice Aa−1(−1) ⊕ Ab−1(−1). It
follows from Lemma 4.1 that −KX is big if and only if v2 < 0; hence −KX is big if and only
if 1
a
+ 4
b
> 1 and we conclude.
Suppose that P is contained in the union of three lines L1, L2, L3 ⊂ P2. For i ∈ {1, 2, 3}
let ai be the number of points of P contained in Li and not Lj for j 6= i, and let ei1, . . . , eiai ∈
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Pic(X) be the classes of the exceptional curves lying above such points of P ; let also ` ∈
Pic(X) be the class of the inverse image of a line. If a1a2a3 = 0, then the result follows
from Example 1.1 (c); thus we reduce to the case a1, a2, a3 ≥ 1. The divisor classes {eij −
eij+1 | i ∈ {1, 2, 3}, j ∈ {1, . . . , ai − 1}} are orthogonal to the components of the element
of |−KX | whose image in P2 is L1 + L2 + L3 and are positive roots of a root lattice of
type Aa1−1(−1) ⊕ Aa2−1(−1) ⊕ Aa3−1(−1). Therefore the intersection form restricted to
the span of the above roots is negative definite. The vector v := a1a2a3` − a2a3
∑
e1i −
a1a3
∑
e2j − a1a2
∑
e3k is orthogonal to the components of −KX and to the root lattice
Aa1−1(−1)⊕Aa2−1(−1)⊕Aa3−1(−1). It follows from Lemma 4.1 that −KX is big if and only
if v2 < 0; hence −KX is big if and only if 1a1 + 1a2 + 1a3 > 1, and we conclude. 
Remark 4.4. We describe explicitly the root system of Lemma 4.2 contained in the lattice
orthogonal to the components of an element of |−KX |, when X is one of the surfaces of
Theorem 4.3.
For surfaces of type (1) we recover a subsystem of the usual root system associated to a
del Pezzo surface [Man74, Section IV.25].
For surfaces of type (2), let Ra,b(−1) be the orthogonal complement of the irreducible
components of a reducible section of −KX of the kind mentioned in Theorem 4.3. The
lattice Ra,b is spanned by a root system; a set of positive roots for Ra,b is given by
εi := ei − ei+1 for i ∈ {1, 2, . . . , a− 1},
ϕj := fj − fj+1 for j ∈ {1, 2, . . . , b− 1},
ε := `− ea − f1 − f2 if a ≥ 1 and b ≥ 2.
The associated Coxeter graph appears in Figure 2.
s s s s
s
s s s. . . . . .
ε1 ε2 εa−1 ε
ϕ1
ϕ2 ϕ3 ϕb−1
Figure 2. The Coxeter graph for the root lattice Ra,b.
The type of the root lattice Ra,b varies with a and b: the following are the possibilities.
• If ab = 0, then Ra,b = Aa+b−1.
• If b = 2, then Ra,b = Aa + A1.
• If b = 3, then Ra,b = Aa+2.
• If b = 4, or a = 1 and b ≥ 4, then Ra,b = Da+b−1.
• If a = 2 and b = 5, then Ra,b = E6.
• If a = 3 and b = 5 or a = 2 and b = 6, then Ra,b = E7.
• If a = 4 and b = 5 or a = 2 and b = 7, then Ra,b = E8.
Similarly, for surfaces of type (3), letRa1,a2,a3 be the opposite of the orthogonal complement
of the components of −KX . The lattice Ra1,a2,a3 is a root system of type Am + An, Dn, E6,
E7 or E8, depending on the values of a1, a2 and a3. A set of positive roots for the root
system is given by {εij := eij − eij+1 | i ∈ {1, 2, 3}, j ∈ {1, . . . , ai − 1}}, together with
ε := `− e1a1 − e2a2 − e3a3 if a1, a2, a3 ≥ 1.
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Relabeling the indices if necessary we assume that a1 ≥ a2 ≥ a3; note also that we necessarily
have a3 ≤ 2 and if a3 = 2, then a2 ≤ 3. The following are the possibilities.
• If a3 = 0, then Ra1,a2,a3 = Aa1−1 + Aa2−1.
• If a3 = 1, then Ra1,a2,a3 = Aa1+a2−1.
• If a2 = a3 = 2, then Ra1,a2,a3 = Da1+2.
• If a2 = 3 and a3 = 2, then 3 ≤ a1 ≤ 5 and Ra1,a2,a3 = Ea1+3 (Figure 1).
The associated Coxeter graph appears in Figure 3.
s s s s
s
s
s
s s s. . .
...
. . .
ε11 ε
1
2 ε
1
a1−1 ε ε
3
a3−1
ε2a2−1
ε22
ε21
ε32 ε
3
1
Figure 3. The Coxeter graph for surfaces of type (3).
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